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A hydrodynamical model for electron transport in silicon semiconductors, which
is free of any fitting parameters, has been formulated on the basis of the maxi-
mum entropy principle. The model considers the energy band to be described by
the Kane dispersion relation and includes electron—nonpolar optical phonon and
electron—acoustic phonon scattering. The set of balance equations of the model
forms a quasilinear hyperbolic system and for its numerical integration a recent
high-order shock-capturing central differencing scheme has been employed. Simu-
lations of an n™—n-n" silicon diode have been presented and comparison with Monte
Carlo data shows the good accuracy of the model and performance of the numerical
scheme. Herethe results of simulations of asilicon MESFET in the two-dimensional
case are presented. Both the model and the numerical scheme demonstrate their
accuracy and efficiency as CAD tools for modeling realistic submicron electron
devices.  © 2002 Elsevier Science (USA)

Key Words: charge transport; hydrodynamical models; numerical methods for
hyperbolic systems; electron devices.

1. INTRODUCTION

Modeling modern submicron electron devices requires an accurate description of charge
transport in order to cope with high-field phenomenathat cannot be described satisfactorily
within the framework of the drift—diffusion equations [10-12] since these do not include
energy as a dynamical variable and are valid only in the quasi-stationary limit. General-
izations of the drift—diffusion equations have been sought which do not suffer from these
shortcomings. These models are loosely termed hydrodynamical models, this class com-
prising also the so-called energy models [13-15]. Hydrodynamical models are obtained
from the infinite hierarchy of the moment equations of the Boltzmann transport equation
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using a suitable truncation procedure. However, most hydrodynamical models suffer from
serious theoretical drawbacks due to the ad hoc treatment of the closure problem [19]. Re-
cently in[1, 2] amoment approach has been introduced in which the closure procedure is
based on the maximum entropy principle, while the energy bands are described by the Kane
dispersion relation. The resulting model, which can be cast in the framework of extended
thermodynamics [16, 17] or equivaently of Levermore’'s moment theory [18], comprises
balance equations of electron density, energy density, velocity, and energy flux, coupled
to the Poisson equation for the electric potential. The presence of a balance equation for
energy flux is at variance with the standard hydrodynamical models usually employed,
which are based on Navier—Stokes—Fourier like equations [20, 21]. Moreover, apart from
the Poisson equation, the system is hyperbolic in the physically relevant region of thefield
variables.

A numerical scheme for problems of this kind based on central differencing has been
developed in [5, 6, 22] for the one-dimensional case and applied in [7, 9] to bulk silicon
and to an nt—n-n* silicon diode (for the parabolic band case see [23]). The ob-
tained results are rather encouraging regarding the accuracy of the model and the per-
formance of the numerical scheme. Here we investigate further the capability of the model
by extending the numerical scheme to the bidimensional case and simulating a silicon
MESFET.

2. THE MODEL

Here we give only a brief sketch of the model. For more details the interested reader is
referredto [1, 2.

In the model one assumes that the conduction band [27] is described around each mini-
mum (valley) by the Kane dispersion relation approximation

2
ER[L+alk)] = z: . keR® (1)

*

where £ is the electron energy, o is the nonparabolicity parameter, m* is the effective
electron mass, hk is the crystal momentum, which is assumed to vary in al the space
R3, and h is the Planck constant h divided by 2. The values of « and the other phys-
ical parameters are reported in Table 1 in the Appendix. Concerning the collision
term, the most relevant interactions for silicon, that is, those between electrons and non-
polar optical phonons and acoustic phonons, have been taken into account. Electron—
electron scattering and scattering of electrons with ionized impurities are not considered
here.

The macroscopic balance equations are deduced by taking the moments of the Boltzmann
transport equation for electronsin semiconductors[12]; that is, by multiplying the transport
equation by weight functions v (k) and integrating over R2. If we consider the set of weight
functions 1, hk, £, and £ v, we get the following macroscopic balance equations:

a(nP" n amu') 1 neEl = nC‘P, €)
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This system is coupled to Poisson’s equation,
E=-V®d, €Ad=—e(np—na—n), (6)

where E represents the self-consistent electric field, @ is the electric potential, e is the
elementary charge, np and np are the donor and acceptor densities, respectively, € is the
dielectric constant, and n isthe particle density. We consider the unipolar case and therefore
the hole concentration is not included.

The macroscopic quantities involved in the balance equations are related to the one-
particle distribution function of electrons f (x, t, k) asfollows,

n= f dk isthe electron density, (7)
R3
o1 : . .
V= = fv' d3k isthe average electron velocity, (8)
R3
1
W = - E(k) f d®k isthe average electron energy, 9
'R3
1 .
S = = / fv' £(k) d3k isthe energy flux, (10)
'R3
1 _ . _
P' = H/ fhk' d*k = m*(V' + 2aS) isthe average crystal momentum, (11
'RS
1 o
ull = - fv'hk! d3k isthe flux of crystal momentum, (12
'R3
. 1 1,0
Gl=>[ Zf——(v)dk, 13
N Jesh 8kJ_(Ul) (13)
1 o
F' = - fo'v) E(k) a3k isthe flux of energy flux, (14)
R3
1 _
Cp = - / C[ f]hk' d3k isthe production of the crystal momentum balance equation,
3
L (15)
Cw = - / C[ f]1€(k) d>k is the production of the energy balance equation, (16)
RS

. 1 ‘
Cy = - /R . C[ f]v' (k) d3k isthe production of the energy flux balance equation, (17)

where C[ f] is the scattering term in the electron transport equation.

These moment equations do not constitute a set of closed relations because of the fluxes
and production terms. Therefore constitutive assumptions must be prescribed.

If we assume as fundamental variables n, V', W, and S, which have a direct physical
interpretation, the closure problem consists of expressing P', U'l, F'l, and G'l and the
moments of the collision term CL, Cy, and C;, asfunctionsof n, V!, W, and S.
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The maximum entropy principle (hereafter MEP) leads to a systematic way of obtaining
constitutive relations on the basis of information theory. According to the MER, if some
moments M 4 are known, the distribution function fy g which can be used to evaluate the
unknown moments of f corresponds to the extremum of the entropy functional under the
congtraint that it yields exactly the known moments M ,; that is,

/ Yafue A’k = Ma, (18)
R3

with ¥ a(k) the weight function entering into the definition of the moments M 4. Once the
expression for fyg has been obtained, one gets the closure relations by evaluating the
expressions (7)—17) with f = fyg.

This procedure, which fits into the framework of extended thermodynamics [16, 17] or
equivalently Levermore's moment theory [18], has been used in [1, 2] upon the ansatz of
small anisotropy for fye since Monte Carlo simulations for electron transport in Si show
that the anisotropy of f issmall even far from equilibrium.

Formally a small anisotropy parameter § was introduced and explicit constitutive equa-
tions were obtained for high-order fluxes [1] and for the production terms up to second
orderin§ [2]. However, it wasfound in [ 7] that the first-order model is sufficiently accurate
for numerical applications and avoids some irregularities due to nonlinearities, as in the
parabolic band case [23]. A similar approach was followed in [24, 25], where the smallness
of the anisotropy was used to justify the truncation of the expansion of the distribution
function in spherical harmonics up to the harmonics of order zero and one.

Up to first order the constitutive equations for fluxes are of the form

Uij = U(W)8ij, Fij = F(W)(Sij, Gij = G(W)(Sij. (29)

The explicit expressions of U (W), F(W), and G(W) are given in [1, 2] and are reported
in the Appendix. Note that they depend only on W. In the parabolic band approximation
(o = 0) onefinds

Ul = gwaij, mFf = %)WZSH-, m*Gij = gwai,-. (20)
We remark that in [1], instead of the variable S, the vector N; = fRS fhki £ (k) d3k was
introduced and therefore a different moment equation (5) was considered. The choice of
Ni was made by following [26] with the aim of comparing the MEP closure relations
with those reported in [26], obtained by the analysis of Monte Carlo data. Both the choice
are theoretically valid. However, in the simulations, the use of S is more practical for
time-dependent simulations because one avoids the presence of a constitutive equation in
the vector of the conserved variable (see Section 3). Moreover S has a direct physical
meaning.

The production term of the energy can be put in the form

W — W
w(W)

(21)

where 7y (W) isthe energy relaxation time. The expression of Cyy isgivenin the Appendix.
The term W, represents the equilibrium energy ngTL, with T, the lattice temperature.
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FIG.1. FHuxesU, F, G, and energy relation time ty, versus energy W (eV) for the Kane dispersion relation.
For comparison we have aso plotted U, F, G in the case of the parabolic band approximation (dotted line) (see
Egs. (20)).

The production terms of crystal momentum and energy flux can be written as

Ch = cu(W)V; + c12(W) S, (22)
Cly = ca(W)V; + C(W)S. (23)

(For the expressions of the coefficients ¢;; (W) see the Appendix.)
InFig. 1weplotU, F, G, and ry versusenergy andin Fig. 2weplot ¢;1, C12, Cp1, @8nd Cp;
versus energy in the case of Kane's dispersion relation and in the parabolic approximation.
In the two-dimensional case the complete system of equations can be put into the equiva-
lent form, where Eq. (3) has been replaced with alinear combination with Eq. (5) by taking
into account the relation (11)

9 9 9
—FOWU) + —FPWU) + —F?U) = B, E), 24
o0 ()+3X ()+8y (9)) ( ) (24)

D 9D
E = -, E = —" > 25
. - y 3y (25)
20 92

e T Y —ein=np+n 26
€<ax2+8y2> ( D + Na), (26)
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where
n 1 vi
vt mV? (U — 2am*F)
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SZ 52 0
V2
0
e _ | U - 2mF)
= . ,
0
nF
0
—eEX(1 — 2am*G) + (€11 — 2am*C)V! + (Cr2 — 2am*cyp) St
—EE2(1 — 20m*G) + (€11 — 2Otm*C21)V2 + (C1p — 2cxm*c22)82
B=n
2 k ek W-W,
—ey iy VFE* — S
—eElG + V4 St

—€eE?G + V2 + ¢S

Asprovedin [7], the system (24) ishyperbolicin theregionn > 0, W > W.
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3. NUMERICAL METHOD

Numerical integration of quasi-linear hyperbolic systems represents by itself an active
research area (see[28, 29]). Itiswell known that the solutions of quasi-linear systems suffer
loss of regularity (e.g., formation of shocks). In the past decades several accurate high-order
shock capturing schemes have been devel oped. M ost schemes are based on upwind methods
and require the solution to the Riemann problem. Unfortunately no analytical solutiontothe
Riemann problem for the model under investigation is available at the present time and an
approach based onthefull numerical evaluation of the Roe matrix isnot practical. Therefore
we have to resort to a central differencing scheme. The central schemes known in the
literature deal almost exclusively with homogeneous systems. In[5, 6] a suitable extension
for one-dimensional balance laws with (possibly stiff) source terms has been developed on
thebasisof the Nessyahu and Tadmor scheme|[ 3] for homogeneous hyperbolic system. It has
been applied in[22, 23] to parabolic band hydrodynamical models of semiconductors. Here
we extend the scheme to the bidimensional case starting from the bidimensional version of
the Jiang and Tadmor scheme [4].

The complete method is based on a second-order splitting technique. This solves sepa-
rately the system with the source put equal to zero (convection step) and the flux put equal
to zero (relaxation step).

Each convective step hastheform of apredictor—corrector scheme[4] on astaggered grid.
The schemeissecond-order accuratein both timeand spacefor homogeneous systems. If we
introduce auniform grid (x;, y;), with X 11 — X, = AX = constantand ;41 — ¥; = Ay =
constant, and denoteby At = t"+1 — t" thetime step, then the convective part of the scheme
reads

A , ,
n+1/2 @ _ Ko
u - SR - S5RY (7

U

1 n n
UI+1/2J+1/2 = Z(U F U U+ U )

+

(UL UL — S[FO(UNEE) - FO ()
b (U, — Ui, L) — S IFO (U2, — FO )]
(U, U, L) — RO (U - PO (U]
(U Uy, ) — A[FO (U2 — FR U], @

where . = At/Ax and © = At/Ay denote the fixed-mesh ratios. The time step At must
satisfy a suitable stability condition (see [4]) that ensures that the generalized Riemann
problems with piecewise smooth data at timet" will not interfere during the time step At.

In order to couple the convection step with the relaxation step, it is convenient to make
two convection steps of step size At /2, so that the solution is computed on the same grid. A
complete convection step is obtained as a sequence of two intermediate steps of time step
Size At/2.

The values of U§<i,,» /Ax and Fii,,- /Ax arefirst-order approximations of the partial deriva-
tives of the field and of the flux with respect to x. They are computed from cell averages by
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using a uniform nonoscillatory reconstruction [30],

U, =MM (d U—l—}MM(D U, Dy, U), d U—}MM(D U, Dx.,,V)
xi—%,j 2 Xi—1,j ’ Xij ’ Xi+%,j 2 Xij b Xi41,j ’

Xi.j

(29)
where
Dy ,U=Uiy1j —2Uij +Ui_1j,
Ay, U= Uitsj — Ui
and
MM (X, y) = {gignoo -min(ixl, |y)) gt:e?%i= sign(y)

A similar procedureis used for eval uating F)Ell) The computation of U, /Ay and Ffl) /Ay
proceeds along similar lines.

The electric potential is calculated from the Poisson equation (26) with a standard pro-
cedure based on central differencing and by resorting to the conjugate gradient method to
solve the resulting linear system.

In the relaxation step one has to solve the following system of ordinary differential
equations (ODEs):

dn
dt
aVe
dt
aw W WO
ds
dt

=0,

E
_ —% + 20eE,G + ( _ 2aC21> Vi + ( _ zaczz) S. k=12

= —eEG+onV+cnS&, k=12

By freezing the energy relaxation time, the coefficients ¢, and G(W), and the electric field
att =1t", we can discretize these equations for each grid point (x;, y;) in a semiimplicit
way as
1
n' Tt —nl, _o,
At
n+1
Vk,J Vk?.J _eE]

At -

nGn+ C_?.l — 2a Cz Vn+1
m*

Cn
- (r;z - 2ac22> Sok=12

W”+l W, WM — W,

nen ]
EZV E _T1
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+1
82 At —eE G" + 021V”+1 + 02252.1.”1, k=12
which gives
= )
nt1_ L n Cl2
Virt= 5 (1-chAt)d) + dzkAt — 20c, k=12 (31

(32)

At\ 1
Vvinjﬂ—l — 1 + —
) -

( eZE“V“

At
w

1 n
S = a_n{cgldfkm +dj {1 - (;— — 20 c21) At} } k=12 (33)
where
Cn Cn
= (1 - cpAtl) {1 - (m — 20 c21) At] - c21<m — 20 c22> (AD?,
di =V + <— ”G”) At, k=12,

d) = § —eEJG"At, k=12

The simple splitting outlined above is only first-order accurate. In order to get a full
second-order scheme we combine the relaxation and convective steps in the same way
as proposed in [5, 6] for the one-dimensional case. Note that the analysis of the splitting
accuracy does not really depend on the dimension of the space. Given thefieldsU" and E"
attimet", thefields at time t"** are obtained using

Ul = R(Una Ena At)a
3 1

U, = =U" — ZUq,

2 2 2 1
Us = R(Up, E", AY),
Uy = C(U3, Al),

E™ = P(Uy),

UM = R(U4, E™ AL/2),

whereR(V, E, At) representsthediscrete operator corresponding to theimplicit relaxation
step (30)—(33) with initial condition V, constant in time electric field E, and time step At;
C(V, At) isthe discrete operator corresponding to the convective scheme (27)—(29) with
time step At and initial condition V; and P(U) gives the numerical solution to Poisson’s
eguation.
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4. SSIMULATION OF A SILICON MESFET

In this section we check the validity of our hydrodynamical model and the efficiency
of the numerical method by simulating a bidimensional metal semiconductor field effect
transistor (MESFET). The shape of the device is taken as rectangular and it is pictured in
Fig. 3.

The axes of the reference frame are chosen parallel to the edges of the device. We take
the dimensions of the MESFET to be such that the numerical domainis

Q =[0,0.6] x [0,0.2],

where the unit length is the micron.
The regions of high-doping n™ are the subset

[0,0.1] x [0.15,0.2] U[0.5, 0.6] x [0.15, 0.2].

The contacts at the source and drain are 0.1 um wide and the contact at the gateis 0.2 um
wide. The distance between the gate and the other two contactsis 0.1 wm. A uniform grid
of 96 points in the x direction and 32 points in the y direction is used. The same doping
concentration as used in [31-33] is considered,

3x 10 cm™3  inthen* regions
Np(X) —Na(X) = 17 . 3 . .
10~ cm in the n region,

with abrupt junctions.
We denote by I'p that part of 9<2, the boundary of €2, which represents the source, gate,
and drain:

I'p={(X,y):y=02, 0<x<01 02<x<04, 05<x<0.6}.

¥y (pm)
source gate drain
Rl B
n+ n+
0.15
n
1 1 I |
] 0.1 0.2 0.4 0.5 0.6
x (pm)

FIG. 3. Schematic representation of a bidimensional MESFET.
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The other part of 92 islabeled I'y. The boundary conditions are assigned as follows:

+ -
. {n at source and drain (39)
ng atgate,
0 atthesource
d =( Py athegate (35)
®, atthedrain,
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W = W, V.t=0,
on I'p, (36)
n-viv.-n =0, S=3WV,

n-vn=0, n-VW=0, n.-Vvd=0, .
. 5 i=12 only. (37
n-vVv' =0, S=3WV,

Here V is the bidimensional gradient operator while n and t are the unit outward normal
vector and the unit tangent vector to 92, respectively. n* isthe doping concentration in the
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which is considered to be a Schottky contact

n* region and ng is the density at the gate,

[10]:

.9 x 10° ecm ™3,

=3

Ng

-038

&y, isthe bias voltage and &4 isthe gate voltage. In al the simulations we set @4

while &y, varies.

In the standard hydrodynamical model considered in the literature (e.g., [20. 21]), the
energy flux Sisnot afield variable and it is not necessary to prescribe boundary conditions

for it. The relations (36)4 and (37)s are not based on the microscopic boundary conditions

for the distribution function, but they may be justified in a heuristic way with the same

approach that was followed in [35].
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Asin [35] we assume that along any interface or surface of a device, the projection of
the total energy flux onto the unit normal is a continuous function. In order to have adirect

physical meaning of the results, it is better to consider the expression of Sin the parabolic

approximation (see[1]),

(38)

ke TV + q,

>
2

S=

kg T and q is the heat flux. In the

3
-2

where T is the electron temperature defined by W

By assumingfor g aFourier-like

—« VT, if one does not take into account the contribution of the thermoelectric

previousexpression the second-order termswere neglected
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We start the simulal

n(x, y, 0) = np(x,

T, isthe room temp
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ion with the following initial conditions:
3 . !
y) —NaX, y), W =W = EkBTL, v'=0, S
(40)
ature of 300 K.
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FIG.10. Stationary solution (after 5 ps) for the energy density for &, = 2 V.

The results for the velocity are shown in Fig. 6. The higher values of the x-component
are at the edges of the gate contact. This happens aso for the y-component, but with ahuge
peak at the gate edge closest to the source. The behavior seems to indicate that thereis a
loss of regularity at the edge of the gate.

The shape of the energy flux (Fig. 7) is qualitatively similar to that of the velocity.

Very large tangential and normal components of the electric field (Fig. 8) are present
again at the edges of the gate. For completeness the electric potential is also presented in
Fig. 9.

The results are qualitatively similar to those presented in [32, 33] for al the variables
except the y-component of the velocity, on account of the huge peak at the edge of the gate.
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TABLE 1

Values of the Physical ParametersUsed for Silicon

me Electron rest mass

m* Effective electron mass

T, L attice temperature

0 Density

Vs Longitudinal sound speed

o Acoustic-phonon deformation potential
o Nonparabolicity factor

& Relative dielectric constant

€ Vacuum dieletric constant

9.1095 x 102 g
0.32m,

300K

2.33 g/lcm®

9.18 x 10° cm/s

9eV

0.5ev?

11.7

8.85 x 10~ C/V um

E[EA+ a&)]¥?

F
1+ 2a€

d¢&, (43)

_ 2 [T WO
= sma ), SP8)

o0 21+ )
__ 1 W(©O 3/2
/0 exp(—A"V0¢) {1+73(1+ 5)2}5 V1+a€dE. (44)

T nm*dy

AWO (W) is the expression of the Lagrangian multipliers relative to the energy up to first
orderin§ (see[1]). It depends only on W and it is obtained by inverting the relation

_Jo EVEA+ a1+ 2aE) exp(—2VOE)dE
S VEAF a1+ 20E) exp(—AWOE) dE

Notethat U, F, and G depend only on W asaconsequence of thefact that AW (@ isafunction
of W aone.

The production terms are the sum of the term due to the elastic scatterings (acoustic
phonon scattering) and of that due to inelastic phonon scatterings. Therefore the production
matrix C = (Gjj) isgiven by thesum C = C@® 4 C"P),

Concerning the acoustic phonon scattering, the contribution to the energy balance equa-
tion is zero while the production matrix C@® = (ci(f“:)) can be written as C@ = A9 B,
The coefficients bj; of the matrix B are given by

ax a an
bu= "2, bp=-"2 bp="2
11 A 12 A 22 A
with
2po 2p: 2p; 2
a = ——, a = —— a = -, A:aa _a,
11 3m*dy 12 3mdo 22 3m*dy 11822 12

d = / EVEL+ a1+ 208) exp(—aVO8)de, k=0,1,...,
0

0 /°° [EA+ af)]¥2EX
0

5 WO
= 14 20E exp(—2"0¢€) de,

k=0,1,....
The coefficients of the matrix A@® read

K_ 00
al” = /0 £2(1+ af)X(1+ 208) exp(—2VO) de, (45)
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K_ 00
ay’ = TZC /O E3(L+ a&)P(1+ 20E) exp(—aVO¢€) de, (46)
agC) _ Kac / 53(1+a€)2exp(—kw(o)€) de. 47)
m*dy /o
als® — Kac / £4(1+ a8)? exp(— 2" OE) de, (48)
m*dy Jo
where
_ 87T«/§(m*)3/2 K ac kBTL ES
Kae= ——m=—, ac = )
33 4r?hpv2

Concerning the nonpolar phonon scattering the production term of the energy balance
equation isgiven by Cw = S°5_, Cw,., where for each valley

3Knp 1 Ranp W(0) =
Cw, = 2 o zi:( B+ 5 F ){exp<ik8 F A" hanp n, (49)

with
nt = / ENLV/EA T af)(L+ 20€) exp(—AVOF) de, (50)
RonpH (151)
Ni = /(€ £honp)[1 + (€ £ hwnp)][1 + 20(E £ hawnp)], (51)
and
< _ 8rV2(m)¥2Kep _, (DK)?
Kop = 3R o Kop =24 872pwnp

H isthe Heaviside function

1 ifx>0
HEo = {O otherwise.

The coefficients of the production matrix C™ = (c{j™) are given by ¢j* = Y°5_, ci”.
For each valley one has C™ = AP B, where the matrix A™P has components

K, 1 1 &
=2 <nB t5F 2) /ﬁ NLE¥2(1+ af)¥?exp(-2"0¢) dE,
+

wnpH (1F1)
_ (52)
K 1 1 o
mp) _ Knp 5/2 3/2 W)
a, = — N+ = F = NLE (1 + al)”*exp(—1"VE) dE,
12 do Xi: < BT 2) /ﬁwan(lel) . Pl )
a 5/2 3/2 (53)
K 1 00 E2(1 4 )
(np) np W(0)
a, = Nye———  exp(—2"P&) d€g,
21 m*do Z < B + 5T ) /ﬁwan(ljFl) =14 2aE p( )
np) _ K| np 1\ [~ EP(1+af)¥? W(0) >
&, = n + Ny—————  exp(—A"PE) d€.
z < P2t 2) /ﬁwan(lel) T 142af Pl )

(55
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TABLE 2
Coupling Constants and Phonon Energies
for Inelastic Scatteringin Silicon

A Zs hw (meV) DK (10® eV/cm)
1 1 12 0.5

2 1 185 0.8

3 4 19.0 0.3

4 4 47.4 20

5 1 61.2 11

6 4 59.0 20

The coupling constants and the values of the energy phonons for each valley are reported
in Table 2 [34].

Gl

In order to speed up the computation, in the numerical code we do not evaluate U, F,

Tw, and the coefficients ¢;; at each time step by using the above formulas. Instead we

calculate in advance a numerical table of the variables as functions of the energy W and
during the simulation we determine particular values by interpolation.
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